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ABSTRACT
E x p e r im e n ta l  r e s u l t s  f o r  t h e  t r a c k i n g  o f  a  seco n d  o r d e r  P h ase -L o ck ed  
Loop a r e  p r e s e n t e d .  Dynamic l o c k  c h a r a c t e r i s t i c s  a r e  e s t a b l i s h e d  u n d e r  
h i g h  n o i s e  c o n d i t i o n s .  The n o i s e  i s  added  t o  an FM s i g n a l  m o d u la te d  by 
a  s i n u s o i d .  The c h a r a c t e r i s t i c s  a r e  found from  -3dB t o  -21dB s i g n a l  t o  
n o i s e  r a t i o  a t  t h e  p h a se  d i s c r i m i n a t o r .
The s p e c t r a  o f  t h e  e r r o r  s i g n a l  a r e  found  f o r  h i g h  n o i s e  power added  
t o  a  c a r r i e r  s i g n a l  and f o r  a  c a r r i e r  s i g n a l  f re q u e n c y  m o d u la te d  by w h i te  
n o i s e .  S p e c t r a  o f  n o i s e  and m o d u la t io n  i n  t h e  e r r o r  s i g n a l  a r e  a l s o  shown.
T h is  s tu d y  a l s o  g i v e s  h a rm o n ic  maps f o r  t h e  e r r o r  s i g n a l  above t h e  
r e s o n a n t  f r e q u e n c y  o f  t h e  l o o p .
i i
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CHAPTER I
INTRODUCTION
1 .1  The G e n e r a l  P rob lem
T h is  i s  an e x t e n s i o n  o f  t h e  w ork p r e v i o i r s l y  done a t  t h e  U n i v e r s i t y
f l  2 I
o f  W indsor  by  Mr. P h i l i p  H. A l e x a n d e r 1- ’ J  . He s t u d i e d  t h e  a b i l i t y  o f  a  
se c o n d  o r d e r  p h a s e - l o c k e d  lo o p  w i th  a  s im p le  RC f i l t e r  t o  r e c e i v e  and 
t r a c k  an FM s i g n a l  m o d u la te d  by  a  s i n u s o i d .  He i n v e s t i g a t e d  t h e  maximum 
dynamic t r a c k i n g  c h a r a c t e r i s t i c s  f o r  h i g h  s i g n a l  t o  n o i s e  r a t i o s .
I n  t h e  p r e s e n t  work t h e s e  c h a r a c t e r i s t i c s  u n d e r  h ig h  n o i s e  ( low  s i g n a l  
t o  n o i s e  r a t i o s )  a r e  c o n s i d e r e d .  W hite  n o i s e  i s  added  t o  t h e  i n p u t  s i g n a l  
t o  g i v e  an a d d i t i v e  w h i t e  n o i s e  c o n d i t i o n .  The i n p u t  s i g n a l  i s  FM m o d u la te d  
by  a  s i n u s o i d .
A s tu d y  o f  t h e  e r r o r  s i g n a l  shows t h e  e f f e c t s  o f  t h e  n o n l i n e a r i t y .  
Harmonics and su b h a rm o n ic s  o f  t h e  s i n u s o i d a l  m o d u la t in g  f r e q u e n c y  e x i s t  
i n  t h e  e r r o r  s i g n a l  from  t h e  p h a s e  d i s c r i m i n a t o r .  The s p e c t ru m  o f  t h e  
e r r o r  s i g n a l  a l s o  shows g a i n  c h a n g e s . .  The r e d i s t r i b u t i o n  o f  e n e rg y  f o r  
n o i s e  and  m o d u la t io n  a r e  i l l u s t r a t e d  i n  t h e  s p e c t r a  f o r  t h e  e r r o r  s i g n a l  
f o r  a d d i t i v e  w h i t e  n o i s e  and m o d u la t i o n .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
1 .2  A Review o f  t h e  P h a se -L o c k e d  Loop
The b a s i c  p h a s e - l o c k e d  loop  c o n s i s t s  o f  a  p h a s e  d i s c r i m i n a t o r ,  a  low- 
p a s s  f i l t e r ,  a  VCO ( v o l t a g e  c o n t r o l e d  o s c i l l a t o r )  , i n  a f e e d b a c k  lo o p .
Such a  s y s te m  i s  i l l u s t r a t e d  i n  F i g .  1 - 1 .  A l i s t  o f  sym bols  i s  g iv e n  i n  
A ppendix  I .
A p h a s e  d i s c r i m i n a t o r  com pares t h e  p h a s e  o f  t h e  i n p u t  s i g n a l  w i t h  th e  
p h a s e  o f  a  r e f e r e n c e  o s c i l l a t o r  ( t h e  VCO i n  t h i s  c a s e ) .  The o u t p u t  o f  t h e  
p h a s e  d i s c r i m i n a t o r  i s  a  low f r e q u e n c y  v o l t a g e  p r o p o r t i o n a l  t o  t h e  p h a se  
d i f f e r e n c e  b e tw e e n  t h e  VCO and t h e  i n p u t  s i g n a l .  I f  t h e  i n p u t  i s  an  FM 
s i g n a l  p l u s  a d d i t i v e  w h i t e  n o i s e ,  t h e  e r r o r  s i g n a l  c o n t a i n s  an  i n s t a n t a n e o u s
P h a s e
D i s c r i m i n a t o r Low -passF i l t e r VCO
s t a b i l i z e d
o u t p u ti n p u t
K. F ( s )
F i g .  1 -1  B lock  D iagram  o f  a  P h a se -L o c k e d  Loop
c o m b in a t io n  o f  some o r  a l l  t h e  f o l l o w i n g  v o l t a g e s :
(a )  n o i s e
(b) a  r e p l i c a  o f  t h e  m o d u la t in g  f r e q u e n c y
(c )  h a rm o n ic s  o f  t h e  m o d u la t in g  f r e q u e n c y  ( s i n c e  t h e  p h a s e  d i s c r i m i n a ­
t o r  i s  n o n l i n e a r ^ )
(d) a  DC v o l t a g e  (due t o  t u n in g  e r r o r ,  ^  u^)
To e l i m i n a t e  o r  s u p p r e s s  much o f  t h e  e x c e s s  n o i s e  and h a rm o n ic s  o u t s i d e  
t h e  im m ed ia te  b a n d w id th  o f  i n t e r e s t ,  a low p a s s  f i l t e r  i s  p l a c e d  be tw een  
t h e  p h a s e  d i s c r i m i n a t o r  and th e  VCO. T h is  f i l t e r  g i v e s  t h e  loop
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
c o m p e n s a t io n ,  and  n a rro w s  t h e  c lo s e d  loop  n o i s e  b a n d w id th .
The VCO i s  an  o s c i l l a t o r  w i t h  a  v a r i a b l e  r e a c t a n c e  m o d u la to r  i n s e r t e d  
i n  t h e  r e s o n a n t  c i r c u i t .  H ence , t h e  VCO i s  v o l t a g e - t u n a b l e  by t h e  f i l t e r e d  
o u t p u t  o f  t h e  p h a s e  d i s c r i m i n a t o r .
I n  many c a s e s ,  b e c a u s e  o f  a  w ideband  i n p u t ,  t h e  s i g n a l  power a t  th e  
i n p u t  o f  t h e  p h a s e  d i s c r i m i n a t o r  i s  much lo w e r  t h a n  t h e  n o i s e  pow er. The 
n a rro w  b a n d in g  e f f e c t  o f  t h e  lo o p  g i v e s  a  n o t i c e a b l e  im provem ent i n  th e  
s i g n a l  t o  n o i s e  r a t i o  a t  t h e  o u t p u t  o f  t h e  VCO. T h is  o u t p u t  i s  r e d e t e c t -  
a b l e ,  and a t  t h e  same t im e  g i v e s  a  s t a b i l i z e d  s i g n a l  f o r  r e f e r e n c e .
F i g .  1 -1  i n d i c a t e s  t h a t  a  p h a s e  d i f f e r e n c e  o f  ^  r a d i a n s  e x i s t s  
be tw een  th e  VCO and t h e  i n p u t  s i g n a l  when th e  VCO i s  c o n t i n u o u s ly  t r a c k i n g  
th e  i n s t a n t a n e o u s  f r e q u e n c y  o f  th e  i n p u t .  The e r r o r  v o l t a g e  c o r r e c t s  t h e  
VCO f r e q u e n c y  to  c o i n c i d e  w i t h  t h e  i n p u t  f r e q u e n c y .
S e v e r a l  u s e s  f o r  a  p h a s e - l o c k e d  loop  a r e  g iv e n  by T. J .  R e y ^ .
Examples o f  t h e s e  u s e s  a r e  s a t e l l i t e  t r a c k i n g ,  s t a b i l i z a t i o n  o f  o s c i l l a t o r s ,  
and FM g e n e r a t i o n .
r 4 1
A. J .  V i t e r b i  s t u d i e d  th e  dynam ic l o c k  c h a r a c t e r i s t i c s  f o r  p h a s e -  
lo c k e d  lo o p s  u s in g  s e v e r a l  d i f f e r e n t  f i l f e r  c o n f i g u r a t i o n s .  I n  h i s  a n a l y s i s  
he  u se d  c o n s t a n t  and l i n e a r l y  v a r y in g  i n p u t  f r e q u e n c i e s .  He a l s o  assumed 
t h a t  t h e  sy s te m s  a r e  n o i s e l e s s :
P .  H. A l e x a n d e r ^  s t u d i e d  t h e  dynamic l o c k  c h a r a c t e r i s t i c s  f o r  t h e  
r e c e p t i o n  o f  n o i s e l e s s  FM s i g n a l s  m o d u la te d  by a s i n u s o i d .  The f i l t e r s  
h e  c o n s id e r e d  a r e : a  s im p le  RC f i l t e r ,  t h e  f i l t e r l e s s  c a s e ,  t h e  i d e a l  
i n t e g r a t o r ,  and t h e  p r o p o r t i o n a l  p l u s  f i l t e r .  The e x p e r i m e n t a l  v e r i f i c a ­
t i o n  was f o r  t h e  c a s e  o f  a  s im p le  RC f i l t e r  w i t h  low n o i s e  pow er.
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1 .3  .E x p e r im e n ta l  T ech n iq u e
The a b i l i t y  o f  a  se co n d  o r d e r  lo o p  t o  r e c e i v e  and t r a c k  FM s i g n a l s  
u n d e r  c o n d i t i o n s  o f  low s i g n a l  t o  n o i s e  r a t i o s  a t  t h e  i n p u t  t o  t h e  p h a se  
d e t e c t o r  i s  s t u d i e d .  The i n p u t  t o  t h e  sy s te m  i s  an FM s i g n a l  m o d u la te d  
w i t h  a  d e t e r m i n i s t i c  s i n u s o i d  o f  100 t o  5000 c y c l e s .  N o ise  i s  ad d ed  t o  
t h e  i n p u t  s i g n a l  by  a  w h i te  n o i s e  g e n e r a t o r .  The o u t p u t  o f  t h e  VCO i s  
d e t e c t e d  t o  m easu re  t h e  o u tp u t  d e v i a t i o n ,  and t h e  i n p u t  d e v i a t i o n  i s  
s i m u l t a n e o u s l y  m o n i to r e d .  These  m ea su rem e n ts  g iv e  a  s e t  o f  t r a c k i n g  
c h a r a c t e r i s t i c s  o f  t h e  VCO f o r  b o t h  t h e  i n p u t  and o u t p u t  s i g n a l s  f o r  
d e c r e a s i n g  s i g n a l  t o  n o i s e  r a t i o s  a t  t h e  p h a s e  d e t e c t o r .
A s p e c t ru m  a n a l y z e r  and  o s c i l l o s c o p e  a r e  u s e d  t o  m o n i to r  t h e  e r r o r  
s i g n a l  a t  t h e  o u t p u t  o f  t h e  p h a se  d i s c r i m i n a t o r .  T h is  makes t h e  m e a s u re ­
ment o f  t h e  e r r o r  s p e c tru m  p o s s i b l e .
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CHAPTER I I
THEORY
2 . 1  The G e n e r a l  Loop E q u a t io n
F o r  t h e  s y s te m  o f  F i g .  1 - 1 ,  assum e t h a t  a d e q u a te  f i l t e r i n g  i s  p r e s e n t
s o  t h a t  t h e  o u t p u t  o f  t h e  d i s c r i m i n a t o r  i s  a  v o l t a g e  p r o p o r t i o n a l  t o  t h e
p h a s e  d i f f e r e n c e  be tw e en  t h e  i n p u t  and t h e  VCO s i g n a l s .  The e r r o r  v o l t a g e
can  b e  e x p r e s s e d  as
e = K s i n  (cj> -  <jr ) o s c
= K s i n  (<J>) (2 -1 )o
o r  v l v 2
e = - r —  s i n  (({. ( t )  -  to t  -  K F ( s )  s i n  <j>) (2 -2 )
2  s  c o  — —s
From e q u a t i o n s  (2 -1 )  and (2 -2 )  an  e x p r e s s i o n  f o r  (fi i s  o b t a i n e d  as
<{> = <i> ( t )  -  to t  -  K F ( s )  s i n  4> ;s  c ------s
d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  t im e  g i v e s
<p +  K F ( s )  s i n  <{> = <{> -  to (2 -3 )
S  0
w h e re  K =o —
and K = Kq Ki K2  e x p r e s s e s  t h e  o v e r a l l  loop  g a i n  i n  r a d i a n s  p e r  s e c o n d .
E q u a t io n  (2 -3 )  i n d i c a t e s  t h a t  th e  lo w -p a s s  f i l t e r  d e te r m in e s  t h e  
o r d e r  and form  o f  t h e  n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n  d e s c r i b i n g  t h e  lo o p .
2 .2  The E r r o r  Spec trum  f o r  S i n u s o i d a l  M o d u la t io n
From ( 2 -3 )  t h e  e r r o r  s p e c t ru m  o f  t h e  d i s c r i m i n a t o r  can b e  d e r i v e d
[3]f o r  t h e  c a s e  o f  s i n u s o i d a l  m o d u la t io n  o f  t h e  i n p u t  s i g n a l .  The t r a n s f e r
f u n c t i o n  f o r  a  s im p le  RC f i l t e r  i s  g iv e n  as  F ( s )  = — 7 —  . H ence , froms  +  a
( 2 - 3 )
5 *
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• ■”
<}> +  ct<f> +  Ka s i n  <J> = <f> + a(<|> -  a j )  ( 2 -4 )s  s c
F o r  t h e  c a s e  u n d e r  c o n s i d e r a t i o n  
Aco<J> = in t  +  —  s m  to t  ( 2 - 5 )s  s  to m v 'm
H e n c e ,
•  •  •
<f> +  a<f> +  Ka s i n  <(> = a(m  -  w )s  c
+  Acua cos  to t  m
-  Acoto s i n  to t  ( 2 -6 )m m
Assuming t h a t  to = to , and sinc|> i s  a p p ro x im a te d  by th e  f i r s t  two s  c
t e rm s  o f  t h e  s e r i e s  e x p a n s io n
s i n  * = 4 -  f r  + f f  " * ....................  ( 2 -7 )
e q u a t i o n  ( 2 - 6 ) may b e  e x p r e s s e d  a s  D u f f i n g ' s  e q u a t i o n  i n  t h e  form
$ + +  Ka <p -  ~  3 = H cos to t  -  G s i n  to t  (2 -8 )o m m
w here  H = Atoa and G = Atoto .m
E q u a t io n  ( 2 - 8 )  i s  t r e a t e d  e x t e n s i v e l y  by J . J .  S t o k e r ^ ^ .  The
f31
s o l u t i o n  o f  e q u a t i o n  (2 -8 )  i s  fo u n d  by an  i t e r a t i v e  m ethod . The
m ethod assum es t h a t  t h e  f o r c i n g  f u n c t i o n  i s  o f  t h e  o r d e r  o f  m a g n i tu d e  o f
T ’
Kctt h e  n o n l i n e a r i t y  (— ) • T h is  i s  g e n e r a l l y  t r u e  f o r  th e  lo o p  u n d e r  lo c k e d
c o n d i t i o n s .
The f i r s t  s o l u t i o n  i s  assumed t o  b e
<b = Ai c o s  w t  ( 2 -9 )o 1 m
S u b s t i t u t i n g  (2 -9 )  i n t o  (2 -8 )  and u s in g  th e  t r i g o n o m e t r i c  i d e n t i t y
3 3 1COS (1) t  = 7  COS (0 t  +  7 - COS 3 (1) t  m 4 m 4 m
i t  i s  found  t h a t
[A i(aK  -  w 2) -  -^77 Ai 3] cos  m t  -  aAi w s i n  to t  =» m o m m m
H cos in t  — G s i n  tu t  -  cos  3 ^ t  (2 -1 0 )m m   m24
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The cos 3wmt term is neglected and the coefficients of sine and
Ai(oK -  t o 2 ) -  Ax3 = H ( 2 - l l a )
c o s in e  te rm s  on each  s i d e  o f  e q u a t i o n  ( 2 - 1 0 ) a r e  e q u a te d  to  g iv e
2 \  Kao  rm 8
aAi = G ( 2 - l l b )
I f  one l e t s  H2  +  G2  = L2  = Aco2  ( a 2  +  to^2) th e n  ( 2 - l l a )  and ( 2 - l l b )  
a r e  combined t o  g i v e
[Ax(aK -  to^2 ) -  Ax3 ] 2  +  (aAx tom ) 2  = L2  (2 -1 2 )
I n  g e n e r a l  L, to^, a  and K a r e  p a r a m e te r s  known i n  t h e  e x p e r im e n t .
Aj can b e  d e te rm in e d  by  e q u a t i o n  (2 -1 2 )  and r e s p o n s e  c u rv e s  ^  drawn
i n  t h e  /Ax/-to p l a n e .
The n e x t  i t e r a t i o n  o f  e q u a t i o n  (2 -8 )  i s
(f>X + to ^ = — ot. +  (to 2  -  Ka)<$ + d> 3
1 m 1 Yo m /Yo 6  Yo
+ H co s  t  -  G s i n  t  m m
-  (aco Ax -  G) s i n  to t  m m
+ (H + to 2  A t -  Ka A t + Ka Al ) cos  to tm 1 1 — r   mo
+ cos 3d) t  (2 -1 3 )
24 m
To e l i m i n a t e  s e c u l a r  te rm s  ( t  cos to t  o r  t  s i n  to t )  t h e  c o e f f i c i e n t sm m
o f  s i n  to t  and cos  to t  a r e  e q u a te d  t o  z e r o ,  m m ^
Hence
a to At = G m A
“m2  = Ka -  H  a i 2  -  f r  <2- ^ )
Here Ax i s  assumed t o  be known and to i s  unknown, b u t  i s  found bym ’ J
i t s  r e l a t i o n  t o  Ax i n  ( 2 - 1 4 ) .  W ith  e q u a t io n  (2 -14 )  s a t i s f i e d ,  we th e n
r 8  3 1have  a  s o l u t i o n  ’ t o  (2 -1 3 )  g iv e n  by
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KaAx3
1 Ct) =  Ai c o s  co t --------------------cos  3co t
01 216a) 2  mm
= Ai cos  (o t  -  A3  cos  3a) t  (2 -1 5 )A m 3  m
KaAi 3
w here  A3  =
216(0 z m
F o r  (o  ^ = (o  ^ I t  i s  s e e n  by  (2 -1 5 )  t h a t  o n ly  odd o r d e r  h a rm o n ics  
e x i s t  i n  t h e  e r r o r .
r 31
From (2 -1 )  t h e  e r r o r  v o l t a g e  can  b e  e x p r e s s e d  a s
e = K s i n  (Ai cos  to t  -  A3  cos 3co t )  o 1 m 3  m
= K { s in (A i cos  (0 t )  cos  (A3 cos  3w t )  o m m
-  co s (A i cos  <«>mt )  s i n  (A3 cos  3 (0^ ) }  (2 -1 6 )
E q u a t io n  (2 -1 6 )  g i v e s  r i s e  t o  B e s s e l  F u n c t io n s  o f  t h e  f i r s t  k in d
and o r d e r  n .  By assum ing  A3  i s  a p p r o x im a te ly  z e r o  e q u a t i o n  (2 -1 6 )  a f t e r
[31
s i m p l i f i c a t i o n  becomes t h e  sp e c t ru m
e = 2K [ J i ( A i )  cos  co t  -  J 3 (A i) cos  3to t  o m m
- +  J 5 (A i)  cos  5comt  + ....................] (2 -1 7 )
T h is  s p e c t ru m  c o n t a i n s  o n ly  odd o r d e r  h a rm o n ics  o f  co^.
When u>s  ^  to^ even  o r d e r  h a rm o n ics  may a l s o  b e  p r e s e n t  i n  th e  s p e c t ru m .
T h is  i s  shown q u a l i t a t i v e l y  by  t r e a t i n g  o n ly  t h e  c u b ic  te rm  i n  th e  
b e g in n in g  o f  t h e  i t e r a t i v e  m ethod f o r  D u f f i n g ' s  e q u a t i o n  (2 -1 8 )  i n  
s i m p l i f i e d  fo rm .
+  +  — <}>3  = F + Fi co s  co t  (2 -18 )o m
Assume a s o l u t i o n
<j> = C + Ci cos  u t  (2 -1 9 )
0  0  1 m
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The cubic term is given by
<j>3  = (C +  Ci cos  to t ) 3 o m
= C 3  +  3C 2  Ci cos  a) t  +  3C C i2  c o s 2  o> t  o o m o m
+  C i 3  c o s 3  a) t  m
= (C 3  +  3 CoCl 2  ) +  (3C 2  Ci +  3 C l 3  ) cos  w t  o — -------------  o —  m
3C Ci ^ r , 3
+  o cos  2co t  +  * cos 3co t .  (2 -2 0 )
2 m ~U~ 111
The a d d i t i o n  o f  a  s i n e  t e rm  i n  t h e  assum ed s o l u t i o n  w ould  n o t  e f f e c t
t h e  r e s u l t i n g  t e r m ,  3C C i 2  c o s 2  w t ,  w h ich  g i v e s  a se co n d  h a rm o n ic .o m "■
2 .3  N o ise  B andw id th  and S pec trum  o f  t h e  C lo se d  Loop System
V i t e r b i ^ ^  and L a u g h l i n ^ ^  have  done work on a  l i n e a r i z e d  c lo s e d  
lo o p  n o i s e  b a n d w id th .  T hese  m ethods  w i l l  now b e  u s e d  t o  f i n d  t h e  c lo s e d  
lo o p  b a n d w id th  f o r  a  sy s te m  w i t h  a  s im p le  RC f i l t e r .  One b a s i c  a s su m p t io n
i s ,  t h a t  t h e  lo o p  i s  lo c k e d  and  t h e  t u n in g  e r r o r  i s  z e r o .  The sy s te m  i s
t r a c k i n g  a  n o i s y  c a r r i e r  s i g n a l  h a v in g  no m o d u la t i o n .  The n o i s e  a t  t h e  
i n p u t  o f  t h e  s y s te m  i s  w h i t e  and s t a t i o n a r y .  The ban d w id th  o f  a l l  compon­
e n t s  i n  t h e  lo o p  a r e  assum ed t o  b e  s u f f i c i e n t l y  l a r g e  so  t h a t  t h e  o n ly  
e f f e c t i v e  f i l t e r i n g  i s  done by t h e  lo w -p a s s  f i l t e r  and VCO.
Assume sincj = $ ,  so  t h a t  t h e  e q u a t i o n  may b e  l i n e a r i z e d .  On t h i s  
b a s i s  t h e  l i n e a r  m o d e l o f  F i g .  2 -1  i s  m ade.
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F ig .  2 -1  L i n e a r i z e d  Loop
The c o n c e p t  o f  lo o p  n o i s e  b a n d w id th  i s  b a s e d  on th e  f a c t  t h a t  f o r  
c o n s t a n t  i n p u t  s p e c t r a l  d e n s i t y  o f  n w a t t s  p e r  r a d i a n  a t  t h e  i n p u t  o f  a 
l i n e a r  s y s te m ,  a  t o t a l  n o i s e  power o f  2 n B w a t t s  o c c u rs  a t  t h e  o u t p u t .  
B ^ i s  t h e  ban d w id th  o f  an i d e a l  r e c t a n g u l a r  f i l t e r  w hich  p ro d u c e s  t h e  
s a n e  amount o f  power a t  t h e  o u tp u t  as  H ( s )  ( a  r e a l i z a b l e  f i l t e r ) .
The n o i s e  b a n d w id th  i s  found by t h e  i n t e g r a l
2
[4]
2Bn l
H1 Cjo)) do) ( 2- 21)
The c lo s e d  loop  t r a n s f e r  f u n c t i o n  ii s  g iv e n  by
H ( s )  = <f> ( s )  i  c
* S ( S )
= K F ( s )
s  + K F (s )
T h e r e f o r e
H ^ (s)  = K a
( 2- 22)
(2 -2 3 )
s  +  a s  + Kct
S u b s t i t u t i n g  (2 -2 3 )  i n t o  (2 -2 1 )  and l e t t i n g  2?rf = u and 2ndf = du> th e
r e s u l t  i s
2Bh i  _ 27r(Ka) 2  
j  2 u j Ka +  a 2 m ( j f )  +  (2m) 2  ( j f ) 2
d f  (2 -24 )
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The i n t e g r a l  i n  e q u a t i o n  (2 -2 4 )  can b e  e v a l u a t e d  a s  ( [ 6 ] p . 260)
l 00 (x )
-x)
x _ _ 1 _ S ' "  g n (X) dx
n  2 x j  /  h  (x) h (->
d  -co n n
where h (x) = a  xn +  ai x 11 ^ +  . . . +  a  n o 1 n
and gn (x) = b Q x 2n 2  +  b i  x2n~^ + . . . +  bn _ 1
I n  t h i s  c a s e  n = 2 ,  t h e r e f o r e  
2B„
I .  [2Tr(Ka)2 ]
j  2
b = 0  a  = -  ( 2 tt) ‘o o v '
b i = 1 a i = 2x aj
a 2  -  Ka
a  b j
I 2  = - b  +  — —
 g § 2 . .
2 a a i  o 1
t h e  n o i s e  b a n d w id th  i s  th u s  g i v e n  a s
B, = K C / s e c .  
l n  4
° X Bl n  — • r a d / s e c .  (2 -2 5 )
The w h i t e  n o i s e  p a s s i n g  th ro u g h  th e  c lo s e d  loop  m o d u la te s  th e  VCO 
to  become p h a se  n o i s e ^ ^ .  T h is  p h a se  n o i s e  m ix es  w i t h  incom ing  w h i te  
n o i s e  i n  t h e  b a n d w id th  o f  2 B ^ .  The sp e c t ru m  o f  t h e  e r r o r  v o l t a g e  a t  
t h e  o u tp u t  o f  t h e  d i s c r i m i n a t o r  w i l l  show th e  c lo s e d  lo o p  n o i s e  s u p e r ­
imposed on th e  w h i t e  i n p u t  n o i s e .
To d e te r m in e  t h e  sh a p e  o f  th e  c lo s e d  loop  n o i s e  s p e c t r u m ,  c o n s i d e r  
th e  s e c o n d - o r d e r  l a g  f i l t e r  e x p r e s s e d  by e q u a t io n  ( 2 - 2 3 ) .  The n o i s e  a t  
th e  i n p u t  to  th e  c lo s e d  loop  f i l t e r  H ^(s)  i s  w h i t e ,  w i t h  c o n s t a n t  s p e c t r a l  
d e n s i t y  n w a t t s  p e r  r a d i a n  f o r  b o t h  p o s i t i v e  and n e g a t i v e  f r e q u e n c i e s .
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L e t  t h e  l i n e a r i z e d  t r a n s f e r  f u n c t i o n  o f  (2 -2 3 )  be
2
H ^ s )  = n
s 2  +  2 Cd»J s  + a) 2  n n
( 2 -2 6 )
w here  Ka = w 2  and  a  = 2tco .n  n
The o u t p u t  s p e c t r a l - d e n s i t y  ( [ l l ] p . 3 3 3 )  f o r  a  l i n e a r  sy s te m  i s  g iv e n  as  
= * i i (to) [ HXO w ) | 2  ( 2 -2 7 )
w h e re  $ . . ( io )  = n w a t t s  p e r  r a d i a n ,  u  r
The o u t p u t  s p e c t r a l - d e n s i t y  becomes
1$ (u) = noo
( j — ) 2  +  j  2 c— +  1  J to n  n
A p l o t  o f  E q u a t io n  (2 -2 8 )  i s  g iv e n  i n  F i g . 2 - 2 .
(2 -2 8 )
1 0  lo g  $ (to) oo
1 0  l o g  n
~ 6)  .
+U)
f i g .  2 -2  O u tp u t  Power S p e c t r a l - D e n s i t y  o f  H (s )
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S in c e  th e  sy s te m  h a s  a  f i x e d  v a l u e  o f  a ,  th e  o v e r a l l  loop  g a in  K 
c o n t r o l s  t h e  n a t u r a l  r e s o n a n t  f r e q u e n c y  oj^  and th e  a m p l i tu d e  o f  t h e  n o i s e
/ •  .  1  / «n e a r  to ( i . e .  ? = — / — ) .n  z  is.
2 .4  The E f f e c t  o f  M o d u la t io n  and N o is e  on G ain
The e r r o r  v o l t a g e  i s  g iv e n  by  e q u a t i o n  ( 2 - 1 ) .  F o r  s i n u s o i d a l  m odula­
t i o n  w i t h o u t  n o i s e  t h e  p h a s e  d i f f e r e n c e  i s  s i n u s o i d a l l y  v a r y i n g .  The 
i n p u t  t o  t h e  d i s c r i m i n a t o r  i s  d e f i n e d  a s
x .  = A cos oj t  l  m
when u = u • s  c
The o u t p u t  x  i s  r e l a t e d  to  t h e  i n p u t  by th e  c o n s t a n t  o f  p r o p o r t i o n -
-  d>3a l i t y  Kq v o l t s / r a d .  A p p ro x im a t in g  sin<J> by <p —j f -  ,
x = K o o
3!
3 3
= K (A cos  £D t  —irf — cos ai t  —^ 7 - cos 3m t )  o m 24 m 24 m
N e g l e c t in g  t h e  term  cos 3wmt
2
x = K (1 —I —) (f> c o s  u> t  
0 0 8  m
The e q u i v a l e n t  g a in  o f  t h e  p h a s e  d e t e c t o r  i s  d e f in e d  by  th e
d e s c r i b i n g  f u n c t i o n  t e c h n i q u e  ( [ 6 ] p p . l 7 0  t o  174 and 157 t o  165) a s
K -  *o -  K (2 -2 9 )
The new o v e r a l l  lo o p  g a i n  K# i s  now d e f i n e d  as
K ' = Keq K!K2  (2 -3 0 )
/  ^  7TFrom (2 -2 9 )  K can b e  d e te rm in e d  t o  b e  0 .693K a t  <j> = , s i n c e
K = K K ^ .
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The q u a l i t a t i v e  e f f e c t  o f  n o i s e  on g a in  i s  d e te rm in e d  by r e p l a c i n g  
t h e  d e t e c t o r  c h a r a c t e r i s t i c  by  an i d e a l  l i m i t e r  a s  shown i n  F i g . 2 -3  by 
t h e  s o l i d  l i n e s .  The d a sh ed  l i n e  i n d i c a t e s  th e  c h a r a c t e r i s t i c  o f  th e  
a c t u a l  p h a s e  d e t e c t o r .
S lo p e  = K- a
F ig .  2 -3  An I d e a l  L i m i te r
C o n s id e r  t h e  e f f e c t  o f  t h e  n o i s e  when t h e  t u n in g  e r r o r  i s  z e r o  ( t h e  
n o n l i n e a r i t y  i s  s y m m e tr ic ) .  The s o l u t i o n  i s  found by th e  random d e s c r i b i n g  
f u n c t i o n  m ethod ( [ 6 ] p p . 234 t o  2 3 6 ) .  To a p p ly  t h i s  a n a l y s i s  t h e  f o l lo w in g  
s i m p l i f i c a t i o n s  a r e  assum ed: ( i )  t h e  a m p l i tu d e  o f  t h e  i n p u t  p h ase  t o  th e  
l i m i t e r  i s  assum ed t o  have a  G a u s s ia n  d i s t r i b u t i o n ,  ( i i )  t h e  o u t p u t  i s  
r e l a t e d  t o  t h e  i n p u t  by Kq v o l t s / r a d . ,  ( i i i )  t h e  s i g n a l  i s  assum ed t o  be  
s t a t i o n a r y  so  t h a t  t h e  ensem ble  a v e ra g e  i s  e q u a l  to  th e  t im e  a v e r a g e .
I f  f ( x ^ )  i s  th e  n o n l i n e a r i t y  ( [ 6 ] p . 232)
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K = / »  x i  f ( x l ) P (x i } dxi  
eq
/ „  x ± 2  p ( x ±) d x j
(2-31)
The v a r i a n c e  o f  t h e  random i n p u t  i s  o.
S in c e  x^ i s  n o r m a l ly  d i s t r i b u t e d
P (x  ) = — : exp
< 2 ) x . ^-  l
TTOj O.
1
f ( x ^ )  i s  g iv e n  by  F i g .  2 -3  o r
f ( x i> = V x  £ a
= K x o - a  < x < a
= -K a o x  s  - a
T h e r e f o r e ,
K = K  /  x .  f ( x . )  p ( x . )  dx . eq o -  °> l  x r  x l (2 -3 2 )
and
f  x .  f ( x . )  p ( x . )  dx . -  co i  x * x i
= /  3  - a  x .  P ( x . )  dx . +  /  “  x . z p ( x . )  dx.- « o  x i  i  - a  x r  x x
CO
+  /  a x .  p ( x . )  dx . a  x r  x x *
(2 -3 3 )
E v a l u a t in g  (2 -3 3 )  and s u b s t i t u t i n g  t h e  r e s u l t  i n t o  (2 -3 2 )  g i v e s  
2KKeq
- y 2
e dy (2 -3 4 )
w here  y comes from a  change  o f  v a r i a b l e s  i n  t h e  e v a l u a t i o n  o f  (2 -3 3 )
( *
x .x . e .  y  = x
) •
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The e x p r e s s i o n  (2 -3 4 )  i s  i n  t e rm s  o f  t h e  e r r o r  f u n c t i o n
z - v 2  e r f  ( z )  = /  e  y  dy
w h e re  z =
12 a .  x
T h e r e f o r e ,
K = K e r f  eq o
/ 2  Oj
(2 -3 5 )
F ig u r e  2 -4  shows t h e  e f f e c t  o f  (K on K . The c u rv e  i s  p l o t t e d  f o r  
Kq = 1 v o l t / r a d i a n .  I t  i s  s e e n  t h a t  d e c r e a s e s  w i th  i n c r e a s i n g  in p u t  
For low v a l u e s  o f  random a m p l i t u d e  t h e  v a r i a t i o n  o f  K i s  s m a l l  so 
t h a t  th e  e f f e c t  o f  n o n l i n e a r i t y  i s  n o t  p ro n o u n c e d .  However, f o r  l a r g e  
v a l u e s  o f  t h e r e  i s  a  r a p i d  d e c r e a s e  o f  and h e n c e  K*. Q u a l i t a t i v e l y  
t h i s  w ould  b e  e x p e c t e d  b e c a u s e  o f  t h e  n o n l i n e a r  e f f e c t s  b e in g  more 
p ro n o u n ce d  i n  t h i s  r e g i o n .
eq
0 . 8
0 .6
0 .4
0 . 2
0 . 0
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F i g . 2 -4  f o r  I n c r e a s i n g  I n p u t  Random S ig n a l
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CHAPTER I I I
ANALOGUE COMPUTER ANALYSIS OF THE LOOP
3 .1  The Dynamic T ra c k in g  Range
F o r  c o n v e n ie n c e  e q u a t io n  (2 -6 )  i s  r e w r i t t e n  as
(3 -1 )
E q u a t io n  (3 -1 )  i s  t h a t  o f  a  s im p le  pendulum w i th  c o n s t a n t  damping. 
The f o r c i n g  f u n c t i o n  i s  a  c o n s t a n t  f o r c e  p l u s  s i n u s o i d .
To g e t  a  b e t t e r  u n d e r s t a n d in g  o f  th e  o p e r a t i o n  o f  th e  s y s te m ,  th e  
s tu d y  o f  a  s im p le  pendulum i s  i n s t r u c t i v e .  The e q u a t io n  f o r  an  undamped 
pendulum  i s
The r e l a t i o n  (3 -3 )  can be r e p r e s e n t e d  i n  t h e  p h a s e - p l a n e  (y -  x p l a n e )
<J) +  ^  s i n  <j> = 0 (3 -2 )
L e t  y  , x  = and = 1
(3 -3 )
dx
dya s  i s o c l i n e s  f o r  c o n s t a n t  s l o p e  ~  . S in c e  t h e  sy s tem  i s  p e r i o d i c  i n  2ir 
t h e  i s o c l i n e s  a r e  drawn from -  tt t o  m i n  F i g .  3 - 1 .
17
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F i g .  3-1 I s o c l i n e s  o f  a S im ple  Undamped Pendulum
Sim ple  r u l e s  w i l l  h e lp  t o  draw th e  t r a j e c t o r i e s  i n  t h e  p h a se  p l a n e .
T r a j e c t o r i e s  a lw ays  i n t e r s e c t  a  p a r t i c u l a r  i s o c l i n e  a t  t h e  s l o p e  f o r  w hich  
th e  i s o c l i n e  i s  draw n. I n  t h e  u p p e r  h a l f  p l a n e  t r a j e c t o r i e s  move from
l e f t  t o  r i g h t  and i n  th e  lo w e r  h a l f  p l a n e  th e y  move from r i g h t  to  l e f t .
The t r a j e c t o r i e s  have  a  p h a se  p o r t r a i t  a s  shown i n  F i g .  3 -2 .
an
-n
F i g .  3 -2  T r a j e c t o r i e s  o f  an Undamped Pendulum
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The t r a j e c t o r i e s  p a s s i n g  th r o u g h  t h e  p o i n t s  -  it and  it a r e  c a l l e d  
s e p r a t i c e s .  I n s i d e  t h e  s e p r a t r i c e s  t r a j e c t o r i e s  have p e r i o d i c  m o t io n  and 
o u t s i d e  t h e  s e p r a t r i c e s  th e y  have  a p e r i o d i c  m o t io n .  The s t a b l e  c e n t e r s  o f  
F i g . 3 -2  a r e  d e f i n e d  by y = 0 and x  = ±2wn r a d .  The u n s t a b l e  s a d d l e  
p o i n t s  a r e  d e f i n e d  by  y = 0  and x = it ±2 ror r a d .
C o n s id e r  now t h e  e q u a t i o n  f o r  a s im p le  pendulum w i t h  p o s i t i v e  damping 
(J> + k(f> + s i n  <j> = 0 (3—4)
w h e re  k i s  t h e  p o s i t i v e  damping c o n s t a n t .  The i s o c l i n e s  f o r  ( 3 - 4 )  a r e  
d e f i n e d  a s
y =
-  s m  x
dx
dy
(3 -5 )
+ k
dy •w here  <j> = y  ~  , y = <j> and x  = <}>.
dxWhen x = 0 ,  —  = -  k .  C lo sed  t r a j e c t o r i e s  now become s p i r a l s .  T r a j e c t o r i e s  
coming from  i n f i n i t y  w i l l  s p i r a l  i n  t o  some s t a b l e  f o c u s .  The s i n g u l a r i t i e s  
a r e  s t i l l  d e f i n e d  a s  f o r  t h e  undamped c a s e .  F i g .  3 -3  i s  a p h a s e  p o r t r a i t  
f o r  t h e  sy s te m  w i t h  dam ping . T r a j e c t o r i e s  a r e  t h e  dashed  l i n e s .
?5T 3u
F ig .  3 -3  P h ase  P o r t r a i t  o f  a Damped Pendulum
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The t im e  t a k e n  by  th e  s y s te m  t o  t r a v e r s e  from  a  t o  b i n  F ig .  3 -3  i s
, - b  dx ,g iv e n  by  t a  _  b = /  —  . ( 3 - 6 )
a
When t h e  undamped pendulum  i s  s u b j e c t e d  t o  a  c o n s t a n t  f o r c e  Fq , th e  
e q u a t i o n  i s
<f> +  s i n  <j> = Fq (3 - 7 )
The sy s te m  i s  now n o n au to n o m o u s , and t r a j e c t o r i e s  m ust now be  s t u d i e d
i n d i v i d u a l l y .  Each t r a j e c t o r y  5s p l o t t e d  by hand ( [ 9 ]  p p . 105 to  112 and
[4]
p p . 165 t o  171) o r  by  an  a n a lo g u e  com pu te r  . However, i t  i s  p o s s i b l e
t o  s tu d y  t h e  s i n g u l a r i t i e s ,  
dyL e t  = <J> and x  = <j>
F -  s i n  x  ox
y  = _ 2 _________  (3 -8 )
dx
dy
The s i n g u l a r i t i e s  a r e  d e f i n e d  b y :
( a )  y *= 0 ,  x  = a r c  s i n ( F Q) ±2nir r a d i a n s ,  a r e  s t a b l e  s i n g u l a r i t i e s .
(b )  y *  0 ,  s i n  x  = ir -  a r c  s i n ( F Q) *2nir r a d i a n s  a r e  u n s t a b l e  s i n g u l a r i t i e s
L e t  $s s  = a r c  s i n  (F ) .  The p h a s e  p l a n e  s i n g u l a r i t i e s  a r e  shown in
^  ITF i g .  3 - 4 .  F o r  $ = —r  r a d .  t h e  s t a b l e  "and u n s t a b l e  s i n g u l a r i t i e s  c o in c id es s  ^
I n  t h i s  s i t u a t i o n  th e  pendulum  i s  on th e  v e rg e  o f  i n s t a b i l i t y .  When
damping i s  p r e s e n t  t h e  s i n g u l a r i t i e s  a r e  t r e a t e d  i n  t h e  same m anner .  They
a r e  found t o  f o l l o w  t h e  same p a t t e r n  a s  t h e  undamped c a s e  u n d e r  c o n s t a n t  
f o r c e .
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F i g . 3 -4  P hase  P la n e  S i n g u l a r i t i e s  f o r  an  Undamped Pendulum 
Under C o n s ta n t  F o rce
E q u a t io n  (3 -1 )  i s  p u t  i n t o  s t a n d a r d  form by l e t t i n g  a = 22; o)
n
Ka = ai 2 n
d 2 d>
d t
+  2? u 4^- +  oj 2 s i n  <p = a(ui -  a) ) n  d t  n  s  c
+  Aw /ct2 +  a) 2  m
- 1
e  03 »cos ( g j  t  - t a n  m  ) m —
Time i s  n o r m a l iz e d  by l e t t i n g
t  = 2^03n
Now j  _ d$_ _ 1 ___  d$
d t  2£u3 d tn
o r  d<fr *
dF  -  2 5  *
S i m i l a r l y  d2 d> _ 4C2 03 <f>
d t 2
E q u a t io n  (3 -9 )  t a k e s  th e  form
-2 2 i' i  , . r 2 2 !42; o) $ + 42; 03 2  6  + o) 2  s i nn n n
- 1
= a(o3 -  03 ) + A03 Jo.2 + 03 2 cos(o) t  -  t a n  Wm) s c  m m —
and
(3 -9 )
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o r “ a(to -  to ) +  Ato / a 2  +  a) 2  cos  (to t  -  t a n  |<p -  s  c  m ( m —  J
4 £ 2  to2  n
-to sintfi 
n_______
4 £ 2  to 2  n
dy ** *y  = <f>, y = 4> and x = tj)L e t
E q u a t io n  ( 3 - 9 )  becomes
- 1dy _ Ato /  2  , 2  /  _ to >—  = ------ /ct +  to cos  (to t  -  t a n  m )dx ? m m  —to £ an______________________________________
4 s 2  y
o (to -  to ) -  s m  x  to z s  c n -  1
4C2  y
C
The p h a s e  p l a n e  s i n g u l a r i t i e s  o c c u r  f o r  i n d e t e r m i n a t e  s lo p e .  
T h e r e f o r e ,  t h e  s t a b l e  s i n g u l a r i t i e s  a r e  d e f i n e d  by  y  = 0 and
x = A r c s in Ato
wn
/ a 2  +  to 2  cos  (to t  -  a r c t a n  ) 
2  m m  —a
+  — jr ( “  _ to )to * s  c n
±2 n ir.
The u n s t a b l e  s i n g u l a r i t i e s  a r e  a t  y  -  0 and
cos (to t  -  a r c t a n wm ) ^ m ™ —x = tr -  a r c s m to 
L n
m
+  — t  (to -  to ) to ^ s c s
*2 ^ .
Then t h e  s t a b l e  s i n g u l a r i t y  i s  d e f i n e d  i n  te rm s  o f
a  ,  N Ato /  2  , 2 7" |(0 ~ CO ) i ------T  *a +  toto * s C tO ^  ™n n m
$ 1
o r to 2  5  Ato / a 2  +  to 2  +  a(to -  to ) l m s c
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(3 -1 0 )
i - l l )
( 3 -1 2 a )
(3 -1 2 b )
The s y s te m  i s  c o n t i n u o u s l y  i n  l o c k  i f  -■ i— ------- r  £ — g — (3 -1 3 )
K- a) -  0) t ~2 ; os  c / a  +  to *■
1 m
W ith  t u n in g  e r r o r s  t h e  f r e q u e n c y  d e v i a t i o n  m ust d e c r e a s e  f o r  i n e q u a l i t y  
(3 -1 3 )  t o  h o l d .
. mF o r  t h e  maximum dynam ic  l o c k  r a n g e  w i t h o u t  n o i s e  i s  g i v e n
by
Ato max = —p = = = -  . ( 3 -1 4 )
**a2  +  to 2  m
F o r  to = 0 ,  K = Ato max. K i s  a l s o  d e f i n e d  a s  to, , t h e  s t a t i c  m ’ dc
t r a c k i n g  r a n g e .  I t  i s  e s t a b l i s h e d ^  t h a t  K = |tog -  wc |> i f  t h e  damping 
i s  s u f f i c i e n t l y  l a r g e  ( i . e . y ^  > 0 . 1 1 ) .  When tog ^  toc> th e  s t e a d y  s t a t e
(3 -1 5 )p h a s e  e r r o r  i s  tf> = a r c  s i nS S
to -  to s  c
K
I n  t h e  n e x t  s e c t i o n  e q u a t i o n  ( 3 -1 )  i s  a n a ly z e d  i n  t h e  above  m anner 
and  t h e  t r a j e c t o r i e s  a r e  p l o t t e d  w i t h  t h e  h e l p  o f  an  a n a lo g u e  com pute r  
s i m u l a t e d  on a  d i g i t a l  c o m p u te r .
3 .2  A na logue  S i m u l a t i o n
S in c e  e q u a t i o n  (3 -1 )  i s  n o n a to n o m o u s , t h e  t r a j e c t o r i e s  o f  t h e  sy s te m  
a r e  s i m u l a t e d  by  P a c t o l i s  D i g i t a l  A na logue  S i m u l a to r  P rog ram . The 
p ro g ram  i s  i n c o r p o r a t e d  i n t o  an IBM 1620 d i g i t a l  com pute r  and t h e  t r a j e c ­
t o r i e s  a r e  p l o t t e d  by a  CALC0MP o n - l i n e  p l o t t e r .
E q u a t io n  ( 3 -1 )  i s  s i m u l a t e d  d i r e c t l y  w i t h o u t  n o r m a l i z a t i o n .  F o r  
m o d u la t in g  f r e q u e n c i e s  o f  1000 c y c l e s  o r  l e s s  a c c u r a c y  i s  good . S in c e  
t im in g  i s  done i n  d i s c r e t e  sam p les  o f  m ach ine  t im e ,  a t  h i g h e r  m o d u la t i o n  
f r e q u e n c i e s  t h e  a c c u r a c y  o b t a i n e d  i s  n o t  good .
The a n a lo g u e  b l o c k  d iag ram  i n  F i g . 3-5  i s  made u n i v e r s a l  by th e  f a c t  
t h a t  d i f f e r e n t  i n p u t s  can  be  s t u d i e d  by c h a n g in g  th e  i n p u t s  to  b l o c k  1 .
A t y p i c a l  p rog ram  i s  g iv e n  i n  Appendix  I I .
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F i g u r e s  3 -6  t o  3 - 8  show t h e  r e s u l t s  f o r  s i n u s o i d a l  m o d u la t io n  o f  
1000 r a d i a n s ,  w i t h  K = 6000 and a  = 1030 ( r a d i a n s ) .
F i g u r e s  3 -7  t o  3 -8  show t h e  e f f e c t s  o f  tu n in g  e r r o r s .  S te p  r e s p o n s e  
f o r  medium and h i g h  damping a r e  shown i n  F ig u r e s  3-9 and  3 -10  r e s p e c t i v e l y .  
The i n t e g r a t i o n  t im e  f o r  a l l  c u r v e s  i s  0 .00004  s e co n d s  o f  m ach ine  t im e .
I n  F i g .  3 -6  t r a j e c t o r y  1 shows t h a t  t h e  t im e  to  l o c k  i s  a b o u t  one 
c y c le  o f  t h e  m o d u la t in g  f r e q u e n c y .  The t im e  f o r  t h e  l i m i t  c y c l e  t o  
com ple te  one r e v o l u t i o n  o f  t h e  p h a s e  p l a n e  i s  g i v e n  by  e q u a t i o n  ( 3 - 6 ) .
By a p p ly in g  e q u a t i o n  (3 -1 4 )  t o  t r a j e c t o r y  2 i n  F i g . 3 - 6 ,  i t  i s  s e e n  t h a t  t h e  
sys tem  i s  u n s t a b l e .
The l i m i t  c y c l e  i n  F i g . 3 -7  i s  h i g h l y  d i s t o r t e d .  S in c e  a  tu n in g  e r r o r  
i s  p r e s e n t  i t  i s  e x p e c t e d  t h a t  even  and odd h a rm o n ic s  w i l l  e x i s t  i n  th e  
p h a s e - t im e  p l o t .  By a p p l i c a t i o n  o f  i n e q u a l i t y  (3 -1 3 )  i t  can b e  shown t h a t  
t h e  s y s te m  i s  on t h e  v e r g e  o f  i n s t a b i l i t y .  A lso  by  i n s p e c t i n g  th e  maximum 
p h a se  <Ji and e q u a t i o n s  (3 -1 2 a )  and (3 -1 2 b )  i t  i s  s e e n  t h a t  t h e  s i n g u l a r  
p o i n t s  c o r r e s p o n d in g  t o  s t a b l e  and u n s t a b l e  o p e r a t i o n  a lm o s t  c o i n c i d e .  
T r a j e c t o r y  2 o f  F i g . 3 -7  i s  a good exam ple o f  t h e  v i o l a t i o n  o f  i n e q u a l i t y  
( 3 - 1 3 ) .
F ig u r e  3 - 8  shows t h a t  d i s t o r t i o n  o f  th e  l i m i t  c y c l e  i s  l e s s  p ronounced  
f o r  s m a l l e r  t u n i n g  e r r o r s .  A gain  t h e  t im e  t o  l o c k  i s  j u s t  g r e a t e r  t h a n  one 
c y c le  o f  t h e  m o d u la t in g  f r e q u e n c y .  The t im e  f o r  t h e  l i m i t  c y c l e  t o  
t r a v e r s e  th e  c l o s e d  p a t h  i s  g i v e n  by  ( 3 - 6 ) .
In  t h e  s t e p  r e s p o n s e  c u rv e s  t h e  s t e a d y  s t a t e  p h a se  e r r o r  i s  g iv e n  by 
e q u a t io n  ( 3 - 1 5 ) .  The t im e  t o  l o c k  f o r  medium damping i s  g r e a t e r  th a n  t h a t  
f o r  h ig h  dam ping . A l th o u g h ,  <jsgg i s  n o t  s u c h  t h a t  t h e  s t a b l e  and u n s t a b l e  
s i n g u l a r i t i e s  c o i n c i d e  f o r  t r a j e c t o r i e s  4 and 5 o f  f i g u r e  (3 -9 )  th e  t r a n s i e n t
h a s  n o t  y e t  d i e d  o u t  s u f f i c i e n t l y  t o  a l lo w  l o c k i n g .  The s i g n i f i c a n c e  o f
■i u C) ^ OJL t) ,<*>
HUVEBSfTY OF WKDSfiR LS8RARS
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> 1 i n  b o t h  f i g u r e s  3 -9  and 3 -10  i s  s e e n  by e q u a t i o n  (3 -1 5 )  and
K
F i g . 3 - 4 .  Hence t h e  s t a b l e  and u n s t a b l e  s i n g u l a r i t i e s  o v e r l a p  and t h e s e  
t r a j e c t o r i e s  w i l l  c o n t i n u e  t o  b e  a p e r i o d i c .
Of i n t e r e s t  i s  t h e  f a c t  t h a t  i n  F i g . 3-10  a l l  v a l u e s  a r e  r e d u c e d  by 
o f  t h o s e  i n  F i g . 3 - 9 .  T h is  i s  done t o  make i t  p o s s i b l e  t o  compare
some o f  t h e  r e s u l t s  i n  b o th  f i g u r e s .  F o r  exam ple  i n  F i g . 3 -9  when <{>sg =
0 .9 5  r a d .  t h e  s y s te m  d i d  n o t  l o c k .  However, l o c k i n g  o c c u r r e d  f o r  
<{> = 0 . 9 5  r a d .  i n  F i g . 3 -1 0 .
S S
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<f> r a d ^ s e c
2000
-'A -3 -T- 2
2000
K = 6000 ra d i /se c .
a  = 1030 rad>/sec*
to = 1 0 0 0  r a d . / s e c ,  m
t r a j e c t o r y  1 = Au) = 2800 rad»/sec. 
t r a j e c t o r y  2 = Ato = 5000 rad y 'sec .
F i g .  3 -6  T r a j e c t o r i e s  o f  M o d u la t io n
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
28
<f> r a d / s e c ,
4000
2000
7 <|>rad- 1
K = 6000 r a d / s e c
a = 1030 r a d / s e c
- 2000..
to = 1 0 0 0  r a d / s e c
t r a j e c t o r y  1 = Au = 2800 radv 'sec ,
i d  -  m  = 2 0 0 0  rad* /sec .s  c
t r a j e c t o r y  2 = Aoj = 2800 r a d ^ s e c ,
to — to = 3000 rad>/sec.s  c
F i g . 3-7 T r a j e c t o r i e s ,  w i t h  L arge  T uning  E r r o r s  and M o d u la t io n
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2000
1000  . .
- 1
1001
-2000  A
K = 6000 rad - /sec .
a  = 1030 rad</sec.
u -to = 1 0 0 0  r a c V se c .  s  c
u) = 1 0 0 0  r a d ^ s e c .  m
Aw = 2800 rad» /sec .
F i g .  3 -8  T r a j e c t o r y  o f  Medium Tuning  E r r o r  and M o d u la t io n
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t r a j e c t o r y  #
4000 r
4
5
0 . 0
0 .7 0 3 radi
0 .9 0 ra d
0 .9 5 ra d
1 .3 2 ra d
3BR0
3000 > 1
d> rad« /sec .
-1000
a  = 1030 rad« /sec .
K = 3000 r a d ' / s e c .  
<J)(0 ) = 2 0 0 0  rad* /sec .  
<J>(0 ) = - 1  r a d .
| <}> r a d .
F i g .  3-9  S te p  R esponse  W ith Medium Damping
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8 3 0  r<j’ r a d / s e c
= 500 r a d / s e c
C = -0 .7 0 7
66k a  = 1030 r a d / s e c ,
1  rad,
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- 1
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1
2
3
4
5
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0 . 0
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500
647
500
> 1
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F i g .  3 -10  S te p  Response  W ith High Damping 
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CHAPTER IV •
EXPERIMENTAL CONDITIONS
4 .1  E x p e r im e n ta l  Loop
A b l o c k  d iag ra m  o f  t h e  c o m p le te  e x p e r i m e n t a l  loop  i s  i l l u s t r a t e d  i n  
F ig .  4 - 1 .  The a c t u a l  lo o p  i s  m o d i f ie d  from t h e  one shown i n  F i g .  1 - 1 .  To 
c o n t r o l  t h e  b a n d w id th  o f  t h e  i n p u t  to  t h e  d i s c r i m i n a t o r  and t h e  lo o p  g a i n .  
An IF  a m p l i f i e r  w i t h  a 30Mc c e n t e r  f r e q u e n c y  i s  p r o v id e d .  T h is  a m p l i f i e r  
h a s  a  maximum v a r i a b l e  g a in  o f  95dB and a  v a r i a b l e  b a n d w id th  o f  from 
150kc t o  HM c. To p r e v e n t  power l i n e  n o i s e  t h e  h e a t e r s  o f  t h e  vaccum tu b e s  
a r e  s u p p l i e d  by a  D.C. s o u r c e .  I n  o r d e r  t o  t r a n s l a t e  t h e  lOOMc i n p u t  f r e ­
quency  t o  t h e  I F  c e n t e r  f r e q u e n c y  a  b a la n c e d  c r y s t a l  m ix e r  i s  p l a c e d  
be tw e en  t h e  VCO and t h e  i n p u t  s i g n a l .  The r e s u l t  o f  t h e s e  m o d i f i c a t i o n s  
r e q u i r e d  t h a t  a  r e f e r e n c e  o s c i l l a t o r  b e  p r o v id e d .
The VCO i s  a t u n n e l  d io d e  o s c i l l a t o r  w i t h  a v a r i c a p  r e a c t a n c e  
m o d u la to r .  I t  i s  f o l lo w e d  by a  7GMc t r a n s i s t o r  a m p l i f i e r .  The s im p le  RC 
f i l t e r  i s  made up o f  t h e  com ponents  i n  t h e  v a r i c a p  b i a s  s u p p ly ,  t h e  
d i s c r i m i n a t o r  o u t p u t ,  and t h e  v a r i c a p  c a p a c i t a n c e .  T h i s  f i l t e r  a t  t h e  
o p e r a t i n g  p o i n t  o f  t h e  VCO (70Mc) h a s  a  c u t o f f  f r e q u e n c y  o f  1030 c y c l e s .
The i n p u t  s i g n a l  i s  g e n e r a t e d  by  a M arco n i  AM/FM S i g n a l  G e n e r a t o r ,  
Type TF 995A/2m. T h is  g e n e r a t o r  h a s  a  c a l i b r a t e d  d e v i a t i o n  m e te r  t o  mea­
s u r e  t h e  i n p u t  d e v i a t i o n .  A 30Mc r e f e r e n c e  i n p u t  s i g n a l  i s  p r o v id e d  by a 
G e n e r a l  R a d io ,  Type 1211-B, U n i t  O s c i l l a t o r .
W hite  n o i s e  i s  g e n e r a t e d  by an  A i r b o rn  I n s t r u m e n t  L a b o r a to r y  D iode 
N o ise  G e n e r a t o r ,  AIL Type 7006. The g e n e r a t o r  I s  c a p a b le  o f  g e n e r a t i n g
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30 Me
100 Me + N o ise 30 Me + N o ise
F ( s )
0 t o  300 Kc
70 Me
M ixer
F i l t e rVCO
RF
A m p l i f i e r
D i r e c t i o n a l
C o u p le r
IF
A m p l i f i e r
Scope and 
Spectrum  
A n a ly z e r
W hite
N o ise
G e n e r a to r
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D i s c r i m i n a t o r
G e n e r a t o r
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3 t u r n s  o f  n o .  18 gauge t i n n e d  c o p p e r  
bus  1 /4 "  d i a m e te r  x  1 /2 "  l o n g ,  t a p p e d  one 
t u r n  from ground
h
3 t u r n s  o f  no .  18 gauge t i n n e d  c o p p e r  
bus  3 /8 "  d i a m e te r  x 3 /4 "  long
F ig .  4 -2  S c h e m a t ic  Diagram o f  100 Me
6  +
+V
22.5V
RCA 2N2708 n - p - n
Cl ’ C2 ’ C6 : 1 0  ”  1 0 0  p f *
C3 , , 0 , . ,  : 1000 p f .
C? : 4 -40  p f .
: 1 0  Kohms
R2 : 1 .5  Kohms
R^: 2 .2  Kohms
U)JS
T r a n s i s t o r  A m p l i f i e r
e x c s s s  n o i s e  i n  t h e  10 t o  250 Me r a n g e .  The AIL Type 7112 Diode N o ise  
G e n e r a to r  Power S u p p ly  i s  c a l i b r a t e d  i n  n o i s e  f i g u r e s  from  0 to  16db.
Low l e v e l  o u t p u t  o f  t h e  n o i s e  g e n e r a t o r  made i t  n e c e s s a r y  to  d e s ig n  
and b u i l d  t h e  lOOMc RF t r a n s i s t o r  a m p l i f i e r  i l l u s t r a t e d  i n  F i g .  4 - 2 .
T h is  a m p l i f i e r  h a s  a  3dB b a n d w id th  o f  6Mc  and a  power g a i n  o f  a b o u t  20dB.
N o is e  i s  added  t o  t h e  s i g n a l  th ro u g h  a  H e w le t t - P a c k a r d  Dual D i r e c t i o n a l  
C o u p le r , Model 764D. The c o u p l e r  a t t e n u a t e s  t h e  lOO^c s i g n a l  by 27dB. N o ise  
i s  a l lo w e d  t o  p a s s  d i r e c t l y  t o  t h e  RF lOQMc a m p l i f i e r .
The o u t p u t  o f  t h e  VCO i s  m o n i to re d  by  a n  AM/FM E d d y s to n e  R e c e iv e r  
whose a u d io  o u t p u t  was c a l i b r a t e d  f o r  m easu rem en t o f  f r e q u e n c y .
The e r r o r  s i g n a l  i s  m o n i to re d  by  a  H e w le t t - P a c k a r d  Model 140A o s c i l ­
l o s c o p e .  The sp e c t ru m  o f  t h e  e r r o r  s i g n a l  i s  o b t a i n e d  by a  N e lso n -R o ss  
PSA-032 s p e c t ru m  a n a l y z e r  o p e r a t i n g  i n  a H e w le t t - P a c k a r d  140A o s c i l l o s c o p e .
4 .2  N o is e  F i g u r e  and S i g n a l  t o  N o is e  R a t io
The open  lo o p  n o i s e  f i g u r e  i s  m easu red  a t  t h e  o u t p u t  o f  t h e  IF  
a m p l i f i e r  by t h e  u s e  o f  t h e  w h i t e  n o i s e  g e n e r a t o r  and a  3QMc AM r e c e i v e r .
A l l  eq u ip m en t  i s  tu r n e d  on and t h e  lOOMc s i g n a l  g e n e r a t o r  i s  tu rn e d  a s  low  
a s  p o s s i b l e .  N o is e  coming from  t h i s  s o u rc e  i s  s e e n  i n  t h i s  sy s tem  th ro u g h  a  
27d a t t e n u a t i o n .
An open  lo o p  n o i s e  f i g u r e  o f  1 5 .7 d B  i s  m easu red  a s  r e f e r r e d  t o  t h e  
i n p u t  o f  t h e  s y s te m . The n o i s e  b a n d w id th  f o r  t h i s  m easu rem en t i s  260kc .
T h is  b a n d w id th  i s  assumed t o  r e m a in  c o n s t a n t  t h r o u g h o u t  a l l  e x p e r im e n ts  
p e r fo rm e d .
The s i g n a l  t o  n o i s e  r a t i o  a t  t h e  i n p u t  to  t h e  p h a s e  d i s c r i m i n a t o r  o f  
t h e  c lo s e d  lo o p  s y s te m  i s  c a l c u l a t e d  by t h e  e x p r e s s i o n
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f d  = 1  £ i  ( 4 -1 )
N , F lo o p  N.d o r  x
w here  F lo o p  = 15 .7dB . o
4 .3  Loop G a in  and  I n p u t  L e v e l
U nder low s i g n a l  t o  n o i s e  r a t i o  c o n d i t i o n s  lo o p  g a i n ,  K, i s  o f  con­
s i d e r a b l e  im p o r ta n c e  s i n c e  i t  c o n t r o l s  n o i s e  b a n d w id th  and t r a n s i e n t  r e ­
s p o n s e .  The b e s t  r a n g e  was found  t o  b e  b e tw e e n  5 and 2 0 k c ;  t h e  damping 
was th e n  s u f f i c i e n t  t o  a l lo w  good t r a c k i n g  and o s c i l l a t o r  f r e q u e n c y  
d r i f t  had  v e r y  l i t t l e  e f f e c t .
The IF  a m p l i f i e r  was fou n d  t o  s a t u r a t e  a t  an i n p u t  o f  lmv f o r  t h e  
v a l u e s  o f  IF  g a in  u s e d  i n  t h e  e x p e r i m e n t s .  To p r e v e n t  l i m i t i n g  by t h e  
a m p l i f i e r  i n p u t s  w ere  h e l d  be lo w  1 0 0  y v .
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CHAPTER V
RESULTS
5 .1  N o i s e .S p e c t r a  o f  t h e  E r r o r  S i g n a l
S p e c t r a  o f  t h e  e r r o r  s i g n a l  u n d e r  t h e  c o n d i t i o n s  o f  h ig h  n o i s e  power
added  t o  a  low power u n m o d u la te d  c a r r i e r  and  f o r  w h i t e  n o i s e  frequency-
m o d u la t in g  a  c a r r i e r  a r e  shown i n  F i g .  5 -1 .  T hese  s p e c t r a  a r e  t a k e n
u n d e r  c l o s e d  lo o p  c o n d i t i o n s .
F ig .  5 - 1  ( a )  i s  t h e  e r r o r  sp e c t ru m  f o r  a d d i t i v e  w h i te  n o i s e  a t  t h e
i n p u t  t o  t h e  sy s te m . I t  i s  f o u n d  t h a t  t h e  s p e c t ru m  o u t s i d e  t h e  r e g i o n
show i n  F i g .  5 - l ( a )  h as  a  c o n s t a n t  a m p l i tu d e  t o  a t  l e a s t  hO Kc. I n c r e a s e d
a m p l i tu d e  o f  t h e  n o i s e  r e s u l t s  from n o i s e  m o d u la t in g  th e  VCO i n  a  ban d w id th
o f  2B . .  n l
F i g s .  5 - l ( b )  t o  F i g .  5 - l ( h )  a r e  t h e  e r r o r  s i g n a l  s p e c t r a  f o r  t h e  
c o n d i t i o n  o f  t h e  i n p u t  c a r r i e r  f r e q u e n c y  m o d u la te d  by  w h i te  n o i s e .
F i g .  5 - l ( e )  i s  a  t y p i c a l  u n lo c k  e r r o r  s p e c t ru m  f o r  n o i s e .
The o t h e r  s p e c t r a  show t h e  e f f e c t s  o f  i n c r e a s i n g  random i n p u t  on K ( 
and  hence  on t h e  c l o s e d  lo o p  f i l t e r .  E q u a t io n  (2 -3 5 )  and F i g .  2-U show 
t h a t  t h e  d e t e c t o r  g a i n ,  K , d e c r e a s e s  w i th  i n c r e a s i n g  random i n p u t  and 
he n c e  K1^. S in c e  t h e  n o i s e  a m p l i t u d e  and  t h e  n a t u r a l  r e s o n a n t  f r e q u e n c y  
a r e  d e p e n d e n t  upon t h e  o v e r a l l  l o o p  g a i n ,  f o r  a  f i x e d  v a lu e  o f  a  e q u a t io n  
( 2 - 2 3 ) no l o n g e r  g iv e s  a  good a p p ro x im a t io n  o f  t h e  c l o s e d  lo o p  t r a n s f e r  
f u n c t i o n  u n d e r  h ig h  n o i s e  c o n d i t i o n s .  By r e p l a c i n g  t h e  g a in  b l o c k  i n  
F i g .  2 -1  by  K'* = Kga a  m o d i f i e d  t r a n s f e r  f u n c t i o n  i s  found  t o  be
H l ( s )  = — — --------------- ( 5 -1 )
s 2  + a s  + K a
w here  X,'  = and co^ = •
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Fig. 5-1 Noise Spectra of the Error Signal
(a) K  =  6 . 5  Kc,
(b) K = 6.5 Kc,
(c)  K = 6.5 Kc,
(d) K = 6 .5 Kc,
(e)  K = 6.5 Kc,
( f )  K =■ 6.5 Kc,
(g) K = 6.5 Kc
(h) K = 6.5 Kc,
( i )  K = 1 9 A  Kc,
random d e v i a t i o n  = 1 .0  Kc
random d e v i a t i o n  = 3 .0  Kc
random d e v i a t i o n  = 5*0 Kc
random d e v i a t i o n  = 5 .0  Kc
random d e v i a t i o n  = 6 .5  Kc
random d e v i a t i o n  = 8 .0  Kc
random d e v i a t i o n  = li+.O Kc 
random d e v i a t i o n  = 2 .7 5  Kc
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From e q u a t io n  (2-2*0 and (2 -3 0 )  03' = / K (l  -  t —) a  f o r  s i n u s o i d a ln o
+TTm o d u la t in g  a t  $ = —
“ i f  / 0 ' 6 ”  K“  ( 5 - 2 )
The r e s u l t s  o f  such  m o d i f i c a t i o n s  as  shown i n  (5 —1) a r e  s e e n
d i r e c t l y  i n  t h e  s p e c t r a .  The n a t u r a l  r e s o n a n t  f r e q u e n c y  and t h e  a m p l i tu d e
o f  t h e  n o i s e  a t  t h e  r e s o n a n t  f r e q u e n c y  w i l l  d e c r e a s e  w i t h  i n c r e a s i n g  i n p u t .  
Comparing t h e s e  s p e c t r a  w i th  F i g .  2 - 2 ,  i n c r e a s e s  w i t h  d e c r e a s in g  K .'  
r e s u l t i n g  i n  l e s s  o v e r s h o o t  a t  u / .
A p p l i c a t i o n  o f  i n t e g r a l  (2 -2 1 )  t o  C5—1 )  g iv e s
Bn l  = c y c l e s  (5 -3 )
Thus ( 5 -3 )  shows a  d e c r e a s in g  n o i s e  b a n d w id th  f o r  i n c r e a s i n g  random i n p u t .
F ig .  5 - l ( i )  i s  t h e  o u t p u t  o f  t h e  VCO f o r  a  w h i t e  n o i s e  f re q u e n c y  
m odula .ted  i n p u t  c a r r i e r .  Peaks a t  n a t u r a l  r e s o n a n c e  f r e q u e n c y  o f  t h e  lo o p  
a r e  c l e a r l y  s e e n .  No c o m p en sa t io n  i s  u s e d  f o r  t h e  r e c e i v e r ' s  a u d io  and 
deem phas is  c h a r a c t e r i s t i c s .
I t  i s  n o t  p o s s i b l e  a t  t h i s  t im e  to" e x p l a i n  F i g . 5 - l ( g )  and F i g . 5 - l ( h )  
a s  t h e  e f f e c t s  u n d e r  v e r y  h i g h  n o i s e  a r e  n o t  c o v e re d  by  t h e  t h e o r y  d e v e lo p e d  
i n  C h a p te r  I I .
5 -2  S p e c t r a  o f  E r r o r  S i g n a l  f o r  System  w i th  M odu la ted  S i g n a l  and A d d i t iv e  
W hite  N o ise  I n p u t
I t  i s  s e e n  i n  F i g .  5 - 2 ( a ) ,  (b )  and (c )  t h a t  t h e  a m p l i tu d e  o f  t h e  
m o d u la t in g  f r e q u e n c y  i n  t h e  e r r o r  s i g n a l  i s  d i f f e r e n t  a t  d i f f e r e n t  
m o d u la t in g  f r e q u e n c i e s .  I n  t h i s  c a s e  t h e  i n p u t  d e v i a t i o n  i s  t h e  same f o r  
a l l  t h r e e  f i g u r e s .  The n o i s e  p a r t  o f  t h e  s p e c t r a  c h an g es  sh ap e  w i th  t h e
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Fig. 5-2 Spectra of the Error for Additive White Noise and Modulation
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( a )  8 .0  Kc -1 0  dB 1 .0  Kc 1 .0  Kc
(b )  8 .0  Kc -  10 dB 2 .5  Kc 1 . 0  Kc
(c )  8 .0  Kc -  10 dB U.O Kc 1 .0  Kc
(d )  8 .0  Kc -  10 dB N o is e  S pec trum  f o r  A d d i t iv e  Wh:
a t  t h e  I n p u t
( e )  8 .0  Kc -  10 dB 1 . 0  Kc 2 .5  Kc
( f )  8 .0  Kc -  10 dB U.O Kc U.O Kc
(g)  7 .33Kc -  21.5dB 5 .0  Kc 1 . 0  Kc
(h )  7* 33Kc -  2 1 . 5dB 5 .0  Kc 5 .8  Kc
( i )  6.25Kc -  3 dB 2 .5  Kc 2 .0  Kc
( j )  9 Kc 0 dB 3 . 0  Kc 3 .0  Kc
(k )  7 - 50Kc -  1 dB 2 . 5  Kc 2 .5  Kc
(1 )  16 Kc 10 dB U.O Kc U.O Kc
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v a l u e  o f  m o d u la t i n g  f r e q u e n c y .  I t  i s  a l s o  n o t e d  t h a t  t h e  a m p l i tu d e  o f  t h e  
n o i s e  p e a k  i s  d e c r e a s e d  f o r  m o d u la t i n g  f r e q u e n c i e s  o u t s i d e  t h e  n a t u r a l  
r e s o n a n t  f r e q u e n c y  as  shown i n  F i g .  5 - 2 ( c ) .  F i g . 5 - 2 ( g )  and  (h )  show more
c l e a r l y  w ha t  h a p p e n s . As t h e  i n p u t  d e v i a t i o n  i n c r e a s e s  t h e  n o i s e  peak  
t e n d s  t o  move to w a rd  z e r o  f r e q u e n c y  and  i s  l e s s  p ro n o u n c e d .  T h is  
r e d i s t r i b u t i o n  o f  e n e rg y  f o r  h i g h  m o d u la t i n g  f r e q u e n c i e s  ( i . e .  > a ^ )  i s
a  p o i n t  o f  i n t e r e s t .  An answ er  t o  t h i s  phenomena may h e  t h a t  i t  i s  due 
t o  c h a n g es  i n  g a i n .  As t h e  i n p u t  i n c r e a s e s  t h e  lo o p  g a in  K ' ,  d e c r e a s e s  
and  h e n c e  t h e  n o i s e  b a n d w id th  o f  t h e  f i l t e r  g iv e n  by  e q u a t i o n  (5 -2 )  
d e c r e a s e s  a l l o w i n g  l e s s  n o i s e  t o  m o d u la te  t h e  VCO.
F o r  m o d u la t in g  f r e q u e n c i e s  n e a r  t h e  n a t u r a l  r e s o n a n t  f r e q u e n c y ,  t h e r e  
seems t o  b e  an i n c r e a s e  i n  t h e  amount o f  n o i s e  p r e s e n t .  A lso  t h e r e  i s  an 
i n c r e a s e  i n  t h e  a m p l i tu d e  o f  t h e  m o d u la t i n g  f r e q u e n c y .  The i n c r e a s e  i n  
a m p l i t u d e  o f  t h e  m o d u la t in g  f r e q u e n c y  may b e  due t o  t h e  s h a p e  o f  t h e  c l o s e d  
lo o p  f i l t e r .  The i n c r e a s e  i n  n o i s e  may b e  due t o  n o i s e  m ix in g  w i th  t h e  
i n p u t  s i g n a l , g i v i n g  r i s e  t o  a  l a r g e  s i g n a l  t im e s  n o i s e  t e r m ,  w hich  w i l l  
a p p e a r  a s  n o i s e .  At a  c e r t a i n  v a lu e  o f  m o d u la t in g  f r e q u e n c y  and  d e v i a t i o n  
t h e r e  a p p e a r s  t o  be  a  complex e n t r a in m e n t  w i t h  n o i s e  a t  t h e  n a t u r a l  
r e s o n a n t  f r e q u e n c y .  Such e n t r a in m e n t  i s  fo u n d  t o  t a k e  p l a c e  w i t h i n  500 
c y c l e s  on e i t h e r  s i d e  o f  t h e  n a t u r a l  r e s o n a n t  f r e q u e n c y  f o r  h ig h  n o i s e  as  
shown i n  F i g . 5 - 2 ( i ) ,  ( j )  and ( k ) .  S in c e  t h e  s i g n a l  t o  n o i s e  r a t i o  i s  lOdB 
i n  t h e  c a s e  o f  F i g . 5 - 2 ( 1 )  i t  i s  f e l t  t h a t  t h i s  sp e c t ru m  i s  a  t r u e  e n t r a i n ­
m ent o f  \  o r d e r  s u b h a rm o n ic s .  To o b t a i n  t h i s  p h o to g ra p h  an i n t e n t i o n a l  
t u n i n g  e r r o r  i s  p ro d u c e d .
F o r  m o d u la t i n g  f r e q u e n c i e s  i n s i d e  t h e  n a t u r a l  r e s o n a n t  f r e q u e n c y ,
F ig .  5 - 2 ( a )  an d  (e )  show l i t t l e  change  i n  t h e  n o i s e  p a r t  o f  t h e  s p e c tru m  
f o r  i n c r e a s i n g  i n p u t  d e v i a t i o n .
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5-3 The Tracking C h aracter istics
Table 5-1  i s  an average o f  9 readings for  low s ig n a l to  n o ise  r a tio
i n p u t s  w i t h  w h i t e  n o i s e  added  t o  a  m o d u la te d  i n p u t  s i g n a l .  I n  v iew  o f
t h e  s p e c t r a  p r e v i o u s l y  show n, i t  i s  b e s t  t o  d i v i d e  t h e  c h a r a c t e r i s t i c s
i n  F i g .  5 -3  i n t o  3 s e c t i o n s .  These  s e c t i o n s  a r e  w < ui , w n e a r  u> andm n ’ m n
wm > ti>n . The s p e c t e a  show t h a t  m o d u la t in g  f r e q u e n c i e s  be low  1000 c y c le s
h a v e  l i t t l e  e f f e c t  on t h e  n o i s e .  As t h e  n o i s e  power i n c r e a s e s  t h e  r e l a t i v e  
f r e q u e n c y  d e v i a t i o n  d e c r e a s e s  i n  t h i s  r e g i o n .  When t h e  m o d u la t in g  
f r e q u e n c y  a p p ro a c h e s  t h e  n a t u r a l  r e s o n a n t  f r e q u e n c y  t h e r e  i s  a  comples 
e n t r a in m e n t  w i t h  n o i s e .  The VCO i n  t h i s  c a s e  a p p e a r s  t o  have  a  l a r g e  
o u t p u t  d e v i a t i o n .  I t  i s  m ost l i k e l y  t h a t  t h e  sy s tem  i s  t r a c k i n g  a  l a r g e  
amount o f  n o i s e  w hich  c a n n o t  be  t a k e n  i n t o  a c c o u n t  w i t h o u t  more p r e c i s e  
m easu rem en ts  o f  t h e  n o i s e  p r e s e n t .
An i n t e r e s t i n g  r e g i o n  i s  f o r  m o d u la t in g  f r e q u e n c i e s  o u t s i d e  o f  t h e  
n a t u r a l  r e s o n a n t  f r e q u e n c y .  Here p o s s i b l e  g a in  changes  i n  t h e  sys tem  
seem t o  p l a y  an  im p o r ta n t  r o l e .
From t h e  p o i n t  o f  v iew  o f  FM r e c e p t i o n  t h e  i n p u t  c h a r a c t e r i s t i c  and
t h e  VCO c h a r a c t e r i s t i c  c o in c i d e  v e r y  w e l l  up t o  t h e  c u t o f f  f r e q u e n c y  o f
t h e  low p a s s  f i l t e r  (1030 c y c l e s ) .  I n  t h e  r e g i o n  o f  t h e  n a t u r a l  r e s o n a n t
f r e q u e n c y  t h e r e  i s  a  d e f i n i t e  n a r ro w b a n d in g  o f  t h e  i n p u t  w i th  r e s p e c t  t o
t h e  VCO. As to i n c r e a s e s  beyond  w t h i s  i s  r a p i d l y  r e v e r s e d .  F o r  s i g n a l  m n
t o  n o i s e  r a t i o  l e s s  t h a n  -2 1  dB, t h e  o u tp u t  o f  t h e  VCO i s  p o o r l y  d e f i n e d .
T h e re  i s  a l s o  d e f i n i t e  d i f f i c u l t y  i n  t h e  t r a c k i n g  o f  low  m o d u la t in g
f r e q u e n c ie s  i n  h ig h  n o is e  when th e  s ig n a l  t o  n o is e  r a t i o  i s  b e lo w  -1 1  dB.
I n  F i g . 5 - ^ ,  t h e  c h a r a c t e r i s t i c s  f o r  low lo o p  g a in  a r e  a s  i l l u s t r a t e d .
E x p l a n a t io n  o f  t h e s e  c u rv e s  i s  v e r y  d i f f i c u l t  a t  t h i s  t im e .  A t e n t a t i v e*»
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TABLE 5 - 1
A f  rn  o  v
R e l a t i v e  D e v i a t i o n  — —-----  f o r  VCO O utpu t Under High N o ise
\ S d/Nd -3 .0 0
dB
-1 1 .1
dB
-1 5 .2
dB
-1 7 .2
dB
-1 9 .2
dB
-2 1 .2
dB
-2 3 .2
dB
100
cps 0 .937 0.937 0.911 0.885 0.833 0.782 0.676
150
cps 0 .937 0.937 0.937 0.937 ■ 0.885 0.833 0.754
200
cps 0.885 0.833 0.822 0.782 0.782 0.770 0.730
300
cps 0.885 0.820 0.790 0.770 0.730 0.698 0.650
500
cps 0 .776 0.708 0.666 0.650 0.670 0.645 0.615
700
cps 0.680 0.650 0.650 0.640 0.625 0.600 0.545
1000
cps 0.603 0.578 0.557 0.516 0.498 0.485 0.400
1500
cps 0.490 0.476 0.470 O.465 0.455 0.450 0.435
2000
cps 0.^55 0.448 0.4,35 0.437 0.411 0.405 0.33S
3000
cps 0.383 0 .364 0.314 0.330 0.312 0.312 0.270
5000
cps 0.223 0.222 0.180 0.165 0.173 0.157 0.098
a v .
T h is  t a b l e  i s  an a v e ra g e  o f  9 r e a d i n g s  f o r  K be tw een  7 and 8 Kc.
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F i g .  5-7 E n la rg e d  View o f  High Gain  I n p u t  C h a r a c t e r i s t i c
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h y p o t h e s i s  c o n n e c t s  t h e  v a r i a t i o n  o f  shape  o f  t h e  c u rv e s  w i th  v a r i a t i o n
m u .n
F i g .  5 -5  shows t h e  VCO c h a r a c t e r i s t i c s  f o r  medium n o i s e  from  10 t o  
0 dB s i g n a l  t o  n o i s e  r a t i o .  The m ost n o t i c e a b l e  e f f e c t  o f  n o i s e  i s  a  
d e c r e a s e  i n  t h e  maximum t r a c k i n g  r a n g e  a t  h ig h  m o d u la t in g  f r e q u e n c i e s .
I n  F i g .  5 -6  a  s e t  o f  i n p u t  c h a r a c t e r i s t i c s  f o r  d i f f e r e n t  v a lu e s  o f  
lo o p  g a i n  a r e  shown. An e n l a r g e d  v iew  o f  a  h ig h  g a in  i n p u t  c h a r a c t e r i s t i c  
i s  i l l u s t r a t e d  i n  F i g .  5 - 7 .  I t  i s  p o s s i b l e  t h a t  t h e s e  c h a r a c t e r i s t i c s  
h av e  some c o n n e c t io n  w i t h  t h e  g a i n  o f  t h e  sy s tem  and t h e  c l o s e d  lo o p  
f i l t e r .  The e x p r e s s i o n  / 0 . 6 9 3  Ka ( e q u a t i o n  5 -2 )  p r e d i c t s  t h e  low p o i n t  
i n  t h e s e  c h a r a c t e r i s t i c s  w i t h i n  20$ o r  b e t t e r .
5 . ^  Subharm onics  i n  t h e  E r r o r  S i g n a l
Under low n o i s e  c o n d i t i o n s  t h e  sy s tem  was found  t o  e n t r a i n  su b h a rm o n ics
o f  t h e  o r d e r  \  and  1 / 3 .  J .  J .  S t o k e r ®  s t u d i e s  t h e  e n t r a in m e n t  o f  t h e
1 / 3  su b h a rm o n ics  f o r  D u f f m g ' s  e q u a t i o n .  The m ethod h e  u s e s  i s  s i m i l a r
t o  t h a t  u se d  i n  s e c t i o n  2 . 2  f o r  t h e  h a rm o n ic  s o l u t i o n s .  The a d d i t i o n  o f
a  t u n i n g  e r r o r  g i v e s  \  s u b h a rm o n ic s .  The r e s t r i c t i o n  on t h e  1 /3
subharm onic  i n  t h i s  c a s e  i s  t h a t  w < 3u b e c a u s e  o f  t h e  s a t u r a t i n gm n
n o n l i n e a r i t y .  The damping m ust a l s o  b e  s m a l l  ( h ig h  lo o p  g a i n ) .
The h. su b h a rm o n ic  sp e c t ru m  i s  shown i n  F i g .  5 -2  ( l ) .
F ig .  5 -8  i l l u s t r a t e s  t h e  sp e c t ru m  o f  t h e  1 /3  sub h a rm o n ic  i n  t h e  e r r o r
s i g n a l .  E x p e r im e n ta l  c o n d i t i o n s  a r e  a s  f o l l o w s :
Af = 2 0 .0  Kc.
f  = 2 1 . 0  Kc m
K = 100 Kc
The above e n t r a in m e n t  i s  e s t a b l i s h e d  when o s c i l l a t i o n  a t  t h e  r e s o n a n t  
f r e q u e n c y  i s  n o t  p r e s e n t  i n  t h e  e r r o r  s i g n a l .
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F ig .  5 - 1 1  A pprox im ate  Harmonic Map 2
K = 10 c y c le s
1 .03  x 10 c y c le s
U n s t a b le  and Harmonic
S ubharm onics
E n t r a in m e n t  w i th  
N a tu ra l  R esonance  
P r e s e n t .
‘H
2 ncl
M o stly  F undam en ta l
10
wm ' ^N orm alized  F req u en cy  —
0)n
E n t ra in m e n t  i s  a l s o  p o s s i b l e  f o r  to > 3u i f  o s c i l l a t i o n  a tm n
r e s o n a n c e  i s  p r e s e n t  i n  t h e  e r r o r  s i g n a l  b e f o r e  m o d u la t io n  i s  added .
F i g . 5 -9  i l l u s t r a t e s  t h e  sp e c t ru m  o f  su c h  a  r e s o n a n c e  i n  t h e  e r r o r  s i g n a l  
a t  K = 100 Kc.
F i g .  5 -10  and  5 -11  a r e  a p p ro x im a te  ha rm on ic  maps t a k e n  f o r  t h e  sy s tem  
w i t h  m o d u la t i n g  f r e q u e n c i e s  i n  s t e p s  o f  1000 c y c l e s .
Work i s  c o n t i n u in g  on th e  e v a l u a t i o n  o f  t h e  m ag n i tu d e  o f  t h e  
com ponents  p r e s e n t  i n  t h e  subharm onic  s p e c t ru m .
5 -5  Change o f  S t a t i c  G a in  f o r  A d d i t iv e  W hite  N o ise
a r b i t r a r y  u n i t s
-2 5  -2 0  -1 5  -1 0 5 0 105
F ig .  5 -12 The E f f e c t  o f  A d d i t iv e  W hite  N o ise  on S t a t i c  Gain
F i g .  5 -12  i s  o b t a i n e d  f o r  an unm odu la ted  c a r r i e r  w i th  a d d i t i v e  w h i te  
n o i s e  a t  t h e  i n p u t .  The s i g n a l  t o  n o i s e  r a t i o  i s  d e c re a s e d  a t  t h e  i n p u t  
an d  t h e  s t a t i c  t r a c k i n g  r a n g e  i s  d e te rm in e d  f o r  d i f f e r e n t  v a lu e s  o f  
s i g n a l  t o  n o i s e  r a t i o .
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The change  o f  s t a t i c  lo o p  g a i n  f o r  w h i t e  n o i s e  i n  F ig .  5 -12  i s
s i m i l a r  i n  a p p e a ra n c e  t o  t h a t  shown f o r  t h e  i d e a l  l i m i t e r  f o r  K i neq
F i g .  2 - h .  I t  i s  d i f f i c u l t  t o  d e te r m in e  t h e  s t a t i c  g a i n  f o r  s i g n a l  t o  
n o i s e  r a t i o s  "below - 2 1  dB.
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CHAPTER V I
DISCUSSION '
A l i n e a r  m odel o f  t h e  lo o p  does  n o t  e x p l a i n  t h e  c o n d i t i o n s  u n d e r  
h i g h  n o i s e  and h i g h  i n p u t  f r e q u e n c y  d e v i a t i o n s .  To g e t  some i d e a  o f  t h e  
e f f e c t s  o f  t h e  n o n l i n e a r i t y ,  d e s c r i b i n g  f u n c t i o n  t e c h n i q u e s  a r e  u s e d .
The c h a r a c t e r i s t i c s  a r e  fo u n d  f o r  lo o p  g a i n s  b e tw e e n  5 an d  20 Kc.
The t h e o r y  d e v e lo p e d  h e r e  p r e d i c t s  many o f  t h e  e x p e r i m e n t a l  r e s u l t s .
H igh n o i s e  c h a r a c t e r i s t i c s  f o r  v e r y  low and  v e r y  h i g h  lo o n  g a i n s  r e q u i r e  
f u r t h e r  s t u d y .
C o r r e l a t i o n  be tw e en  t h e  m o d u la t i n g  f r e q u e n c y  and t h e  e r r o r  s i g n a l  
a r e  r e q u i r e d  t o  e s t a b l i s h  t h e  r e l a t i o n s h i p  be tw e en  i n p u t  and  t h e  e r r o r  
s i g n a l .
F u r t h e r  s tu d y  i s  r e q u i r e d  f o r  t h e  a n a l y s i s  o f  t h e  s u b h a rm o n ic s .  More 
ha rm on ic  m apping  i s  n e e d e d  t o  g i v e  t h e  c o m p le te  p i c t u r e  o f  t h i s  phenomena.
Two i n t e r e s t i n g  a s p e c t s  o f  t h e  r e s u l t s  fo u n d  h e r e  a r e  t h e  e n t r a in m e n t  
n e a r  ion f o r  h i g h  n o i s e  c o n d i t i o n s  and t h e  e f f e c t s  o f  m o d u la t i n g  f r e q u e n c i e s  
g r e a t e r  t h a n  t h e  n a t u r a l  r e s o n a n t  f r e q u e n c y .
E q u a t io n  ( 5 - 2 )  p r e d i c t s  t h e  low p o i n t  i n  t h e  i n p u t  c h a r a c t e r i s t i c s  
w i t h i n  20/s o r  b e t t e r .  The b e s t  p r e d i c t i o n s  a r e  f o r  lo o p  g a in s  o f  7 .3 3  and 
15 Kc. T h is  i s  t h e  r a n g e  i n  w h ich  many o f  t h e  r e s u l t s  a r e  t a k e n .
The n o i s e  s p e c t ru m  u n d e r  low  lo o p  g a i n s  may g i v e  some a n sw e rs  a s  t o  
w ha t  happens  f o r  low lo o p  g a i n s .
The e r r o r  s p e c t ru m  f o r  a  c a r r i e r  f r e q u e n c y  m o d u la te d  b y  w h i t e  n o i s e  
h a s  many a s p e c t s  w hich  may make i t  p o s s i b l e  t o  m e a s u re  t h e  a c t u a l  v a lu e  
o f  t h e  n o n l i n e a r i t y  and t h e  t r a n s f e r  f u n c t i o n  o f  t h e  s y s te m .  T h is  
e n d e a v o u r  h a s  y e t  t o  b e  d o n e .  The c o r r e l a t i o n  c o m p u te r  b u i l t  a t  t h e  
U n i v e r s i t y  o f  W indso r  w i l l  h e l p .
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F o r  t h e  t r a c k i n g  c h a r a c t e r i s t i e s  i t  i s  fo u n d  t h a t  a  s i g n a l  t o  n o i s e  
r a t i o  o f  -2 1  dB a t  t h e  i n p u t  t o  t h e  d i s c r i m i n a t o r  i s  a b o u t  t h e  minimum 
f o r  p r e d i c t a b l e  t r a c k i n g  w i t h  lo o p  g a i n s  o f  7 t o  8 Kc.
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APPENDIX I
G l o s s a r y  o f  Symbols 
= A m p l i tu d e  o f - t h e  i n p u t  ( v o l t s )
^ 2  -  A m p li tu d e  o f  t h e  VCO o u t p u t  ( v o l t s )
<J>s  = I n p u t  p h a s e  ( r a d i a n s )
e = E r r o r  o u t p u t  o f  t h e  d i s c r i m i n a t o r  ( v o l t s )
a  = C u t - o f f  f r e q u e n c y  o f  t h e  lo w -p a s s  f i l t e r  ( r a d / s e c )
= VCO c e n t e r  f r e q u e n c y  ( r a d y s e c )
(i)s  = I n p u t  f r e q u e n c y  ( r a d . / s e c )
F ( s )  = T r a n s f e r  f u n c t i o n  o f  f i l t e r
s = L a p l a c e ,  o p e r a t o r
d_
d t
<f> = E r r o r  p h a s e  ( r a d i a n s )
<f> = VCO o u t p u t  p h a s e  ( r a d i a n s )c
= P h a se  c o m p a r a to r ,  g a in  ( v o l t s / r a d . )
r  DC g a i n  o f  lo o p  f i l t e r
Kj = VCO g a in  ( r a d . / s e c / v o l t )
Am = F re q u e n c y  d e v i a t i o n  ( r a d . / s e c )
(1) = M o d u la t in g  f r e q u e n c y  ( r a d . / s e c )m
$ = S te a d y  s t a t e  t u n in g  p h a s e  ( r a d i a n s )s s
H = A m p li tu d e  o f  th e  i n - p h a s e  component o f  t h e  f o r c i n g  f u n c t i o n
G = A m p li tu d e  o f  t h e  q u a d r a t u r e  component o f  t h e  f o r c i n g  f u n c t i o n
J  = B e s s e l  f u n c t i o n s  o f  t h e  f i r s t  k in d  and o r d e r  nn
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F = S te a d y  F o r c in g  f u n c t i o no
F j  = A m p li tu d e  o f  c o s in e  f o r c i n g  f u n c t i o n
Cq = S te a d y  f o r c e  o f  assum ed s o l u t i o n
= A m p li tu d e  o f  assum ed s o l u t i o n
A j = A m p li tu d e  o f  t h e  f u n d a m e n ta l  component o f  p h a s e  ( r a d i a n s )
A^ = A m p litu d e  o f  t h e  t h i r d  h a rm o n ic  component o f  p h a se  ( r a d i a n s )
<{> = F i r s t  a p p ro x im a t io n  o f  p h a s e  f o r  i t e r a t i o n  o f  D u f f in g ?s  e q u a t i o no
<f>^ = F i r s t  i t e r a t i o n  o f  D u f f i n g ' s  e q u a t i o n
L = A m p li tu d e  o f  f o r c i n g  f u n c t i o n
k = Pendulum  damping
Y
o loop  = Open lo o p  n o i s e  f i g u r e
n = S p e c t r a l  d e n s i t y  o f  w h i t e  n o i s e  ( w a t t s / r a d . )
= O v e r a l l  e q u i v a l e n t  lo o p  g a i n  ( r a d i a n s )
to = N a t u r a l  r e s o n a n t  f r e q u e n c y  o f  t h e  loop  ( r a d i a n s )n
X, = Damping f a c t o r
S± = S i g n a l  power a t  t h e  i n p u t  o f  t h e  100 me a m p l i f i e r  ( w a t t s )
N^ = N o is e  power a t  t h e  i n p u t  o f  t h e  100 me a m p l i f i e r  ( w a t t s )
S^ = S i g n a l  power a t  t h e  i n p u t  t o  d i s c r i m i n a t o r  ( w a t t s )
N , = N o is e  power a t  t h e  i n p u t  t o  d i s c r i m i n a t o r  ( w a t t s )a
a ^  = v a r i a n c e  o f  t h e  random i n p u t
K = e q u i v a l e n t  g a in  o f  t h e  d i s c r i m i n a t o r  ( v o l t s / r a d . )
4>^..(to) = i n p u t  s p e c t r a l  d e n s i t y  
4>o o (w) = o u tp u t  s p e c t r a l  d e n s i t y
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APPENDIX I I
PACTOLUS DIGITAL ANALOG SIMULATOR PROGRAM 
CONFIGURATION SPECIFICATION
BLOCK TYPE INPUT 1 INPUT 2 INPUT
1 I 6 15 5
2 I 0 1 0
3 S 2 0 0
4 w 1 3 0
5 - 4 0 0
6 X 7 14 0
7 c 8 0 0
8 w 9 12 0
9 X 10 76 0
10 K 0 0 0
11 - 12 0 0
12 A 13 0 0
13 K 0 0 0
14 K 0 0 0
15 K 0 0 0
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INITIAL CONDITIONS AND PARAMETERS 
BLOCK IC/PARi PAR2 PAR3
1 0 .00000 1030.00000 1030.00000
2 0 .00000 1 .0 0 0 0 0 0 .0 0000
4 " 1 .00000 6000 .00000 0 .0 0 0 0 0
8 1 .00000 1 .0 0 0 0 0 0 .0 0000
10 1000 .00000 0 .0 0 0 0 0 0 .0 0000
13 0 .98000 0 .0 0 0 0 0 0 .0 0000
14 4000000.00000 0 .0 0 0 0 0 0 .0 0000
PACTOLUS SYMBOLS
I :  i n t e g r a l S : s i n e
W: w e ig h te d  summer C: c o s in e
i n v e r t e r  A: a r c t a n g e n t
K: c o n s t a n t  p o t e n t i o m e t e r  76 : t im e  g e n e r a t o r
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